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A directed graph is said to be n-unavoidable if it is contained as a subgraph by every tour- 
nament on n vertices. A number of theorems have been proven showing that certain graphs are 
n-unavoidable, the first being R$dei's result that every tournament has a Hamiltonian path. M. 
Saks and V. SSs gave more examples in [6] and also a conjecture that states: Every directed claw 
on n vertices such that the outdegree of the root is at most In/2] is n-unavoidable. Here a claw is a 
rooted tree obtained by identifying the roots of a set of directed paths. We give a cotmterexample 
to this conjecture and prove the following result: any claw of rootdegree g n/4 is n-unavoidable. 

1. I n t r o d u c t i o n  

I t  is well known t h a t  every t ou rnamen t  contains a Hami l ton ian  p a t h  and thus 
the  p a t h  of size n is n-unavoidable  in any  t o u r n a m e n t  of  size n. A directed g raph  
G is said to  be  n-unavoidable  if every t o u r n a m e n t  contains it as a subgraph  and  we 
denote  the set of  all n-unavoidable  n-d igraphs  by U(n). The  prob lem of identifying 
classes of  n-unavoidable  d igraphs  has been considered by several researchers ([1], [2], 
[3], [4], [5], [6]). Here, we use size to denote  the  number  of  vertices. 

Let L = (ll ,  12 , . . . ,  lr) be  a sequence of nonnegat ive  integers. A claw C(L) is 
a rooted  directed tree ob ta ined  by identifying the  roots  of d ipa ths  of  sizes l 1 + 1, 

r 

12 + 1, . . . ,  lr + 1. C(L) has 1 + ~ li vertices. A k-claw is a claw in which all 
i=1 

li's are k, except  poss ibly  one of t h e m  is less than  k. In  [6], M. Saks and V. Sds 
considered the quest ion which claws on n vertices are n-unavoidable .  Since there  
exists t o u r n a m e n t  on n vertices such tha t  the outdegree  of every ver tex is a t  most  
In/2], a necessary condit ion for a claw to be  n-unavoidable  is for the  root  to  have 
outdegree  a t  most  In/2]. They  conjectured t ha t  this condit ion is also sufficient. In  
par t icular  they  conjectured tha t  the  2-claw of size n is n-unavoidable  and  showed 
tha t  this would imply  the  general  conjecture.  In this note  we show tha t  the  2-claw 
of size n is not  in U(n) for infinitely m a n y  n. In o ther  words, we shall prove 

Theorem 1. There exist infinitely many n such that the 2-claw on n vertices is not  
n-unavoidable. 

On the o ther  hand  we ob ta in  the  following posi t ive result: 

Theorem 2. Any claw of root degree < n/4  is n-unavoidable. 
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An interesting question that  remains is: What  is the maximum value c such that 
every claw of root degree < cn is n-unavoidable. We propose the following 

Problem: What  is the value of c? 
We say a vertex is a good vertex of a tournament T if it is the root of a 2-claw 

of size n = ITI. For vertices x and w, Let I(x, w) be the set of vertices y such 
t h a t x ~ y a n d y - - * w i n T a n d f o r a s u b s e t  W, l e t I ( x , W )  = U I(x,w).  Two 

w6W 
consequences of the definitions are: 

Proposition 1. If x is a good vertex of T, then II(x,W)l >_ IWI, where W C_ 
{y e TIv --* z} .  

Proposition 2. H x is a good vertex of T, then there is a pa th  of length at most 2 
from x to any other vertex w. 

2. Proo f s  o f  T h e o r e m s  

Proof  of Theorem 1. We construct a tournament T in the following way. First, 
we construct a tournament H such that  there is only one good vertex in H and 
having other properties. Then we use H to get a larger tournament T such that  
there is no good vertex in T at all. 

I B, IBI=s+I -~ 

r  I 

Fig. 1 

For two vertex sets A and B, let (A, B) denote the set of arcs directed from A 
to B. Now let s be a positive integer, A, B and C be arbitrary tournaments of size 
s, s + 1 and s + 4 respectively. Let D be an arbitrary tournaments of size t >_ 7. We 
construct H as follows. V(H) = V(A) U V(B) U Y(C) U V(D) U {a, b}. The arcs of 
H consist of those belonging to A, B, C and D in addition to (A, B), (B, C), (C, A), 
(D, A), (D, B), (C, D), (a, A), (a, C), (a, D), (B, a), (b, a), (b, B), (b, C), (A, b) and 
(D, b) (see Figure 1). We have the following facts. 

1 If x E A, then x cannot be a good vertex since every path from x to D has 
length > 3. 

2. If x 6 B, then x cannot be a good vertex since every path from x to b has 
length > 3. 
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Hi 

H3 

Fig. 2 

H2 

3. If  x E C, then x cannot be a good vertex since every pa th  from x to a has 
length _> 3. 

4. If  x E D, then x cannot be a good vertex since [I(x, C U {a}) I = IB U {b}l = 
I B ] + l = s + 2 b u t l C l + l = s + 5 .  

5. b cannot be a good vertex since II(b,A U D)I = IC U {a}l = ICI + 1 = s + 5 
but I A u D I  = IAI + rDI = s + t  _> s + 7 .  

Hence only a could be a good vertex of H (and indeed it is). 
Next we construct the tournament  T. Let H1, H2 and H 3 be copies of H.  The 

set A(T) of arcs of T consists of A(H1) U A(H2) UA(H3) together with ((Hi, Hi+l )  - 
(hi, bi+l)} U (bi+ 1, hi), 1 < i < 3, where the subscripts are taken mod 3 (see Figure 
2). Now we can prove that  there is no good vertex in T. It is enough to show that  
there is no good vertex in H1 due to the symmetry  of H 1 , / / 2  and H3. For above T, 
we have the following results by using proposition 1 and 2. 

6. al  cannot be a good vertex since II(al,H3)l = I/-/2 - {52}1 < IH31. 
7. bl cannot be a good vertex since we have I(bl,A1 UD1) = C 1 U {al, a3} a rd  

I A 1 U D l l = s + t _ > s + 7 >  I C 1 U { a l , a 3 } l = s + 6 .  
8. If  x is in A1 U B1 U C 1 then x cannot be a good vertex as shown in 1, 2 and 

3 above. 
9. If  x is in D 1 then x cannot be a good vertex since II(x, C1 U {al})l = 

] B 1 U { b l } U { b 2 } ] = s + 3 < : s + 5 = l C 1 U { a l }  I 
From the facts above we see that  there is no good vertex in T. 
Thus we complete the proof of theorem 1. 

P roo f  of  Theorem 2, Recall that  a claw of size n can be identified with a vector 
L = (ll,12,.. . ,Ik) where 11 >_ 12 >_ ... >_ tk and ll + t2 + . . .  + lk = n -  1, i.e. a 
part i t ion of n - 1. The s tandard majorization order on the parti t ions of n - 1 given 
by  

L = ( /1 , /2 , . . - , / r )  > K = ( k l , k 2 , . . . , k s )  
if 

J J 
Z li >_ E ki 
i= l  i= l  

for each j > 1 defines an order on claws of size n. In [6], M. Saks and V. Shs noted 
the following 
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Lemm.  1. Let C(L) > C(K) be both claws of order n. If C(K) is in T, then so is 
C(L). In particular, if C(K) is in U(n), then so is C(L). 

It is easy to see that in this order the k-claw is less than or equal to any claw of 
root degree _< n/k, so Theorem 2 follows from 

T h e o r e m  3. The 4-claw of size n is in U(n). 

So we turn to proof of Theorem 3. First, we list some notations. Let T be 
a tournament of size n. We use V(T) and A(T) to denote the vertex set and arc 
set of T, respectively. Let x be a vertex of T, the sets of out-neighbours and in- 
neighbours of x are denoted by N~(z)  and NT(X ) respectively. In other words, 

N+(z) = {ylxy �9 A(T)}, and NT(X ) = {yiyx �9 A(T)}. Let d+(x) = INT(X)I and 

dT(X ) = ]NT(X)I. Now, we are ready to prove Theorem 3. 
Let T be an arbitrary tournament of order n and x be a vertex with maximum 

outdegree in T, that  is, d+(x) = max{d+(y)ly �9 V(T)}. Let A -- NT+(X), B = 

NT(X ). Let b = ]B] and a = ]AI, where a >_ b by the choice ofx.  Let G = (A, B; E)  be 
the bipartite graph obtained from T with edge set E = {(u, v) �9 A(T)Iu �9 A, v �9 B}. 
Let M be a maximum matching of G. We have 

L e m m a  2. [M[ > b/2 

•  

u I u 

Fig. 3 

Proof. Let U U V be the minimum cover of G where U C_ A and V C B, which 
means that every edge of G must meet U U V. By Khnig's theorem only need 
to show [U U V[ > b/2. Let T '  be the subtournament of T obtained from T by 
restricting on B - V, and u be a vertex of T '  with maximum out-degree in T' ,  and 

this implies that  d+,(u) >_ [BI-~V[-1. Notice that  UUV is a cover of G, we must have 

(u, A - U) C__ A(T), (see Figure 3), thus (u, A - U U {x}) c_ A(T) since ux E A(T). 
By the choice of x, we have d-~(x) >_ d+T(U). Thus, 

a > d+(u) > d+,(u)+ I ( u , A -  UU {x}) I 

> [ B [ - [ V  I - 1  b - I V  I + 1  
- 2 + IA[ - IV[ + 1 - 2 + a -  IUI 
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Hence 
b + 1 + IVl 

IU u vl  = IUI + IVl > 2 > b/2 

Next, let X = A M V ( M ) ,  Y = B M V ( M ) , Y  I = B -  Y and G* be the biparti te 
graph on ( X U Y ,  Y ' ; E * ) ,  where E* = {(u,v) �9 A ( T ) I u  �9 X U Y ,  v �9 Y'}. Let M* 
be a maximum matching in G*. We have 

A I |Xj J l A-X 

Fig. ~; 

x iC 

y,J 

v i 0 u iO 

Y; Yj Q Y; 

u;O uj 

Fig. 5 

Lemm~ S. IM*[ = [Y'[ 

Proof. By Hall 's matching theorem it is enough to show that  in G*, d(y)  > IYI[ for 
any y E y / .  Since M is a maximum matching in G, we get (y, A - X )  C_ A ( T )  (see 
Figure 4). Note that  [ ( y , X  U Y)[ = IX U YI - d(y) ,  and y x  �9 A ( T ) ,  hence 

a >_ d+ (y) >_ a - IXl  + l + l X U v i  - d(y)  = a + l + lYI - d(y)  

i.e. 

d(y)  ~ 1 + [Y[ = 1 + [M[ > 1 + b/2  > [Y'[. 
Now we finish the proof of Theorem 3. Let X = (Xl,X2,. . . ,Xr) and Y = 

(Yl,Y2,. . . , /Jr)  where x i y  i E M .  Let I = {i[x  i e X A M * }  and J = { j [ y j  e YMM*}.  
If I M J = 0, then we can get the 3-claw of size n in T. If I n J ~ 0, choose i E I M J ,  
i.e. 3ui ,  vi E y r  such that  x i u i  E M * ,  yivi  E M*, then if uiv i  e A ( T ) ,  we have either 
x ~ x i  ~ yi ~ ui ~ vi or x ~ x i  ~ ui  ~ Yi ~ vi as pa th s  in T .  I f v i u i E A ( T )  
then x --* x i  --* Yi --* vi --~ ui is a pa th  in T. We can deal with each i E I n J  this way. 
If  i E I - J ,  and x i u  i E M * ,  then either x ~ x i ~ Yi ~ ui or x ~ x i ~ ui ~ Yi is 
a path.  I f j  E J - I ,  and y j u j  E M*, then x --~ x j  --* y j  --* u j  is a path.  For those 
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i E {1, 2 , . . . ,  r} - I U J, x -~ xi -* Yi is a path and for u E A - X, x --* u is a path. 
Figures 4 and 5 can help us to understand the situation. Thus, if we let 

= II n JI 
/~ = III + Igl - 211M JI 

~ / =  IY] - IY'I + I I n  JI 
and 

5 : IA - XL. 

Then we can construct a claw C(L) in T with root x and 

L -- (4, 4, .~.., ~ , ~ , ~ ,  1, 1 , . . . ,  f) 

We certainly have n -- 1 + 44 + 3j3 + 2"y § 5. Let 

n = l + 4 s + t  

where 0 <_ t < 4, and 
8 

M = ( ~ , t )  

then C ( M )  is the 4-claw of size n. Certainly M > L. Since C(L) is in T, by Lemma 
1, we get that  C ( M )  is in T. It follows that  C(M)  E U(n) since T is arbitrary, 
i.e, the 4-claw of size n is in U(n). Thus we finished the proof of Theorem 3 and 
Theorem 2 follows as well. 
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